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ALGORITHMS

PROBLEM: ONLINE RANKING COMBINATION WITH PREQUENTIAL EVALUATION
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Objective: find combination weights
Idea: optimize the ranking evaluation function directly
Difficulty: function is not continous

ExpW

� Choose a subset Q of the weight space Θ
� e.g., lay a grid to the parameter space

� Apply exponentially weighted forecaster on Q

P(select q ∈ Q in round t) =
e−ηt

∑t−1
τ=1(1−rτ (q))

∑
s∈Q e−ηt

∑t−1
τ=1(1−rτ (s))

� Theoretical guarantee:

E[RT (best static combination in Θ)−RT (ExpW )] < O(
√
T )

� if the cumulative reward function (RT ) is sufficiently smooth
� and Q is sufficiently large

� Difficulty: size of Q is exponential in number of models, can’t scale
� e.g. if the reward function is Lipschitz
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Global methods
ExpW

1. Goal: The global seach works well in case of two models, but has scaling issues.
2. In our first algorithm, we choose a subset P from the space of possible weightings Θ. In

the simplest case, P is a grid. Then we apply the expoentially weighted forecaster on P ,
i.e. we choose the weight combination randomly using the distribution defined by the algo
exp.

3. Here you can see the formula of the probability of weight combination � from P . We sum
the rewards of p in the numerator, so the better algo will get higher probability. The
denomination is just normalization, to get a probability distribution.

4. It is easy to show that if the cumulative reward function is sufficiently smooth and P is
sufficiently dense, then [az algoritmus legfeljebb gyokT faktorral marad le a legjobb
statikus kombinaciotol].

5. TODO: fix sign in probability formula
6. Here is the cumulative reward depicted for two models as a function of the weight of one

model. There are a few things to note. First, the cumulative function is still not convex,
but it seems to be smooth, the steps are very small. Second, note the logarithmic scale of
the parameter. It is interesting that the optimal weight of the better model is tiny
compared to the weight of the other model, in spite that the scores provided by the base
rankers are normalized.

7. This model works well in case of two base models, however, the number of weight
combinations to evaluate increases exponentially in the number of base rankers. Because
of that, it is not feasible to apply it for a large number of base rankers.

8. TODO: replace P to Q

Simultaneous Perturbation Stochastic Approximation (SPSA)

� Reward summed for multiple rounds starts to smooth out

� Approximated gradient:

gti =
rt(θt + ct∆t)− rt(θt − ct∆t)

2ct∆ti

� ct is perturbation step size
� ∆t = (∆t1, ...) is a random vector of +/-1

� Take a gradient step using the approximated gradient

� Difficulty in SPSA: find the appropriate perturbation step size
� too small step: stuck on a plateau
� too large step: skip local maxima
� optimal step size depends on coordinate
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Gradient methods
Simultaneous Perturbation Stochastic
Approximation (SPSA)

1. Goal: SPSA is a gradient method, that approximates the gradient using simultaneous
perturbation. It works because the reward function smoothes out if summed for a few
time steps.

2. Moving on to gradient methods, first we examined SPSA. As the reward function starts to
smooth out if it is summed over multiple rounds, gradient approximation algorithms find
the right direction on average.

3. SPSA approximates the gradient using simultaneous perturbation.
4. This is the gradient approximation for the weight of algorithm i. θt is the current weight

vector. We take a random +-1 vector ∆t, and perturbate the current weight combination
using the perturbation step size ct, evaluate the two weight combination and take the
difference. Then for each weight, we divide it by the appropriate coordinate of theta.

5. Goal: The difficulty in SPSA is finding the appropriate perturbation step size, that is
crucial.

6. The difficulty in SPSA is to find the appropriate sequence for ct, the perturbation step
size. If the perturbation is too small, we stuck on a plateau and the gradient estimation
will be zero. If the step is too big, we skip local maxima.
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•	 ExpW finds global optimum for two base rankers, but it 
scales exponentially in the number of base rankers

•	RFDSA+ keeps up in case of more base rankers

•	 Finite differences instead of simultaneous perturbation (i.e. 
per-coordinate perturbation)

•	 Escape constant sections by detecting them and increasing 
step size
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EXPERIMENTS

BASELINES

•	 Lay a grid Q over the weight space and apply exponentially 
weighted forecaster:

•	 Theoretical guarantee for finding optimum with error
•	 Difficulty: |Q| is exponential in the number of base rankers
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of that, it is not feasible to apply it for a large number of base rankers.

8. TODO: replace P to Q

•	 Gradient approximation:

•	 Difficulty: hard to find appropriate perturbation step size

•	 Grad. of SPSA with fixed per-coordinate step sizes (RProp)
•	 Decrease step size if sign of gradient changes, increase other-

wise (RProp)
•	 Difficulty: if the function is constant in one coordinate w.r.t. 

current step size, the step size keeps decreasing and the opti-
mization process never escapes

SGD
•	 Optimize for MSE
•	 For positive item, target = 1
•	 Generate negative samples 

with target = 0

ExpA
•	 Exponentially weighted fore-

caster on the base rankers

ExpAW
•	 Use probabilites of the expo-

nentially weighted forecaster 
as weights

1.	 Take next (u,i) pair

2.	 Base rankers generate 
scores for u

3.	 Recommend: take convex 
combination, generate toplists

4.	 Evaluate against single 
relevant item i

5.	 Update weights 
and base rankers
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